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ABSTRACT. In the case of the complex plane, it is known that there exists a finite set
of rational numbers containing all possible growth orders of solutions of
PPt ap 1 ()f Y 4 ar(@)f +ao(2)f =0

with polynomial coefficients. In the present paper, it is shown by an example that a
unit disc counterpart of such finite set does not contain all possible T- and M-orders
of solutions, with respect to Nevanlinna characteristic and maximum modulus, if the
coefficients are analytic functions belonging either to weighted Bergman spaces or
to weighted Hardy spaces. In contrast to a finite set, possible intervals for 7- and
M-orders are introduced to give detailed information about the growth of solutions.
Finally, these findings yield sharp lower bounds for the sums of T- and M-orders of
functions in the solution bases.

1. INTRODUCTION

This research is a continuation of recent activity in the field of complex differential
equations. In particular, the present paper concerns linear differential equations of the

type
(1.1) F® fap_1(2)fF Y 4o b ay(2)f +ao(z)f =0,

where the coefficients ag(2),...,ar—1(z) are analytic functions in the unit disc D := {z :
|z| < 1} of the complex plane C. A variety of publications in the existing literature
illustrates that the connection between the growth of coefficient functions and the growth
of solutions is relatively well understood. On the one hand, the growth estimates in [8]
have been proven to be instrumental tools in estimating the growth of solutions when the
growth of coefficients is known. On the other hand, proofs of the converse direction have
taken advantage of the method of order reduction as well as different types of logarithmic
derivative estimates.

For an analytic function in D, it is known that 7- and M-orders of growth, with
respect to Nevanlinna characteristic and maximum modulus, are not equal in general.
This is in contrast to the corresponding case in C. Hence, there are two distinct cases
in D to work with. First, if the growth of solutions is measured by using the T-order
then it is natural to express the other growth aspects by means of integration as well. In
particular, it is reasonable to consider coefficient functions belonging to some weighted
Bergman spaces, and use integrated estimates for logarithmic derivatives [12]. Second, if
the growth of solutions is measured by using the M-order then it is natural to express
the other growth aspects by means of the maximum modulus function. In particular, it
is sensible to restrict the growth of the maximum modulus of coefficient functions, which
leads to weighted Hardy spaces, and work with estimates for the maximum modulus of
logarithmic derivatives involving exceptional sets [4].

The main focus of this paper is in improving the lower bounds for the growth of
solutions of (1.1) given in [4, 12], and explore some consequences, which are motivated by
the following observations.

By the classical results in C making use of Newton-Puiseux diagram, there is a finite set
containing the possible growth orders of solutions of (1.1) assuming that coefficients are
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polynomials. In particular, Gundersen-Steinbart-Wang showed that this finite set consists
of rational numbers obtained from simple arithmetic with the degrees of the polynomial
coefficients in (1.1) [6, Theorem 1]. Their proof relies on classical Wiman-Valiron theory
in C. Even though a recent unit disc counterpart of Wiman-Valiron theory [5] has been
successfully applied to differential equations, the possible orders of solutions of (1.1) in D
have been obtained only by assuming that coefficients are a-polynomial regular. These
a-polynomial regular functions have similar growth properties than polynomials in the
sense that maximal growth is attained in every direction. However, they appear to be
only a relatively small subset of the Korenblum space, which characterizes finite order
solutions of (1.1) in D [7, Theorem 6.1]. Note that in the case of C, all solutions of (1.1)
are of finite order if and only if coefficients are polynomials [15, Satz 1].

In the present paper, it is shown by an example that a unit disc counterpart of the
finite set constructed by Gundersen-Steinbart-Wang does not contain all possible orders of
solutions of (1.1), provided that the coefficients belong either to weighted Bergman spaces
or to weighted Hardy spaces. In contrast to a finite set, we introduce possible intervals
for T-orders and M-orders, giving detailed information about the growth of solutions.
Finally, these findings are applied to estimate the sums of T- and M-orders of functions
in the solution bases of (1.1) from below.

2. RESULTS AND MOTIVATION

The results concerning T- and M-orders of solutions of (1.1) are given respectively
in Sections 2.1-2.2 and 2.3-2.4. Due to the similarities of the assertions, we omit the
proofs of results regarding M-orders of solutions of (1.1), excluding the sketched proof of
Theorem 5 in Section 7.

Let M(D) and H(D) denote the sets of all meromorphic and analytic functions in D.
For simplicity, we write ot := max {«,0} for any a € R, |f(2)| < |g(2)] if there exists a
constant C' > 0 independent of z such that |f(2)| < C'|g(2)|, and f(z) ~ g(z) if there exist
constants C7 > 0 and C3 > 0 independent of z such that C1|g(z)| < |f(2)| < Calg(z)].

2.1. Growth of solutions with respect to Nevanlinna characteristic. The T-order
of growth of f € M(D) is defined as

: log™ T'(r, f)
o = limsup ———=,
r(f) =lmenp = G —1)

where T'(r, f) is the Nevanlinna characteristic of f. For p > 0 and a > —1, the weighted
Bergman space AP, consists of those f € H(D) for which

11 = ( / PO - |z|2>adm<z>>’l’ <.

Functions of maximal growth in [
g=inf{a > —1: f € AP}.

If the growth of the coefficients is expressed by means of integration then it is natural
to consider the growth of solutions of (1.1) with respect to T-order.

g<a<oo AL are distinguished by denoting f € AZ, if

1
Theorem A ([12, Theorems 1 and 2]). Suppose that a; € Ag;’, where aj > 0 for
7=0,....,k—1, and denote o, := 0.
(i) Let 0 < a < co. Then all solutions f of (1.1) satisfy or(f) < « if and only if
max;—o,... k—1{%;} < a.
(ii) All non-trivial solutions f of (1.1) satisfy
k(ao — ozj)
k J
(i) If ¢ € {0,...,k — 1} is the smallest index for which ag = maxj—o,  p—1{c;} then
each solution base of (1.1) contains at least k — q linearly independent solutions
f such that or(f) = a4.

+aj} <or(f) < _max {o;}.
7=0,..., k—1
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1 =
The assumption a; € As;” in Theorem A(i) cannot be replaced by a; € Aa,”, see [9].
We refine Theorem A, and then further underscore its consequences.

Theorem 1. Suppose that a; € Af, where oy > —1 for j = 0,...,k — 1, and let
q €{0,...,k—1} be the smallest index for which g = max;—o,.  x—1{e;}. Ifs €{0,...,q}
then each solution base of (1.1) contains at least k — s linearly independent solutions f
such that

(k — s)(as — o)
Jj—s

(2.1) min {

+
G=s+1,....k + O‘J} <or(f) <ay,

where ay, == —1.

The case s = 0 clearly reduces to Theorem A(ii). If s = ¢ then the condition «, =
max,—o,. . k—1{c;} implies that

wp (B000m0) ) (i) )

(2.2) j=q+1,....k ji—q J=q+1,...k Jj—q
= aq,

where the minimum is attained for j = k. Hence the assertion of Theorem 1 for s = ¢
is contained in Theorem A(iii). Our contribution is to extend the first inequality in (2.1)
for s € {1,...,qg—1}. Theorem 1 is proved in Section 4, and the sharpness as well as the
special cases k = 2 and k = 3 are further discussed in Section 3.1.

Let g € {0, ..., k—1} be the smallest index for which oy = max;j—g__ r—1{c;}. Ifay <0
then all solutions in each solution base of (1.1) are of zero T-order by Theorem A(ii).
Suppose that ay > 0. In order to state the following corollaries of Theorem 1, we denote

n . (k —s)(as — o) _
(2.3) Br(s) := jsti?..,k { s +a;r, s=0,...,q,
where oy := —1. Moreover, we define

s*:=min{s € {0,...,q} : fr(s) > 0}.

Remark that 87(g) > 0, since (2.2) implies oy = B7(q).

1
Corollary 2. Suppose that a; € A,’f?, where a; > =1 for j = 0,...,k =1, and let
q €{0,...,k—1} be the smallest index for which aqy = maxj—g . x—1{ce;} > 0. Then each
solution base of (1.1) admits at most s* < q solutions f satisfying or(f) < Br(s*). In
particular, there are at most s* < q solutions f satisfying op(f) = 0.

To estimate the quantity Z;”:l or(f;) by using Theorem 1, we set

yr(j) := max{Br(0),...,8r(j)}, 7=0,...,q

Evidently v7(j) > 0 for j € {s*,...,q}, and vp(j) <0 for j € {0,...,s* — 1}.

1
Corollary 3. Suppose that a; € As;7, where o > —1 for j = 0,...,k — 1, and let
q € {0,...,k — 1} be the smallest index for which oy = max;—o,.  k—1{c;} > 0. Let
{f1,---, fx} be a solution base of (1.1). If ¢ =0 then 2521 or(f;) = kag, while if ¢ > 1
then

qg—1 k
(2.4) (k= @)ag+ > 1r(i) < 3 or(f;) < kag,

Note that the sum in (2.4) is considered to be empty, if s* = q.
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2.2. Gunderssen-Steinbart-Wang method for T-order. We proceed to state the
assertions of Theorem 1 and its corollaries by using a technique introduced in [6]. This
yields a natural way to define possible intervals for T-orders of solutions of (1.1). As a
consequence, we get a useful estimate following from Corollary 3.

Set 6; := (oj +1)(k—j) forall j =0,...,k—1. Let s1 € {0,...,k — 1} be the smallest
index satisfying o, = max;—o,.. x—1{;} > 0, which is equivalent to

O d;
2 S 1.
k—s1 j_({?i}li—l{k—j}>

If s; cannot be found then all solutions of (1.1) are of zero T-order by Theorem A(ii).

Otherwise, for a given s,,, m € N, let s;,4+1 € {0,...,8, — 1} be the smallest index
satisfying

4] -9 5:—§
(2.5) Smil mo— max {] S’i"} > 1.

Sm — Sm+1 7=0,...,8;m—1 Sm — )

Eventually this process will stop, yielding a finite list of indices s, ..., s, such that p <k
and s; > s > --- > 5, > 0. Further, set

55t - 68#1

St—1 — St

(2.6) Br(t) :=

where so := k and J, := 0. Due to resemblance between (2.6) and [6, Eq. (2.4)], it seems
plausible that the possible non-zero T-orders of solutions of (1.1) in the unit disc case
could be found among the numbers By (t), where t = 1,...,p. However, Example 1 below
shows that this is not the case.

The following lemma allows us to view the results in Section 2.1 in a new perspective.
In particular, Lemma 4 emphasizes the connection between B and ~yp.

Lemma 4. We have

(i) Br(1) > Br(2) > --- > Br(p) > 0;

(ii) Br(sy) = Br(t) forallt € {1,...,p};

(i) vr(q) = Br(1), yr(j) = Br(t) for all sy < j < s4—1 and t € {2,...,p}, and
vr(§) <0 for all j < s,. In particular, s, = s*.

By relying on Lemma 4, Theorem 1 and Corollary 2, we proceed to state possible
1

intervals for T-orders of functions in solution bases of (1.1) in the case a; € Aj,7, where
a; > —1for j =0,...,k — 1. In fact, each solution base of (1.1) contains

(i) at least k — s1 solutions f satisfying or(f) = Br(1);
(ii) at least k — s; solutions f satisfying or(f) € [Br(t), Br(1)] for t =2,...,p;
(iii) at most s, solutions f satisfying or(f) € [0, Br(sp)).
For the following application, let {f1,..., fx} be a solution base of (1.1). Knowing the
possible intervals for T-orders, we get

k
27) S or(f) = (k= s1) Br(L) + - + (sp-1 — ) Br(p) + 5, - 0 = 8, + 5, — k.
j=1

In view of Lemma 4, the lower estimates in (2.4) and (2.7) are equal.

Finally, we point out a useful consequence of (2.7). If s, = 0 then 65, + s, = do. If
sp > 0 then (69 — ds,)/sp, < 1 by (2.5), and ds, + s, > do. Hence, in both cases we can
state that

k
> or(fi) = bs, + 5, — k > 80 — k > aok,

Jj=1

where the equalities hold, if ap = max;j—o . x—1 {a;} > 0.
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2.3. Growth of solutions with respect to maximum modulus. Alongside of the
T-order, we may also define the M -order of growth of f € H(D) by

. log™ logt M(r, f)
onm(f) := limsup

( ) r—1- - IOg(l - T)
where M (r, f) := max|,|—, | f(z)| is the maximum modulus of f. It is well known that the
inequalities
(2.8) or(f) <om(f) <or(f)+1
are satisfied for all f € H(D), and all possibilities allowed by (2.8) can be assumed [14,
Theorems 3.5-3.7]. A function f € H(D) is said to belong to the weighted Hardy space
H?2°, if there exists a > 0 such that

sup (1 — [2[*)* |f(2)] < oo
zeD

Functions of maximal growth in ﬂa>p HZ® are distinguished by denoting f € H°, if
p=inf{a>0: f € H}. Remark that H;® = H™ is the space of all bounded analytic
functions in D. The union |J,., H® is also known as the Korenblum space A~ [11],
and since [3] H° is also known as G,.

If the growth of coefficients is measured by means of maximum modulus estimates then

it is natural to consider the growth of solutions with respect to M-order.

Theorem B ([4, Theorem 1.4]). Suppose that a; € B, 41y (k—jy» where p; = —1 for
7=0,...,k—1, and denote py :== —1.
(i) Suppose that
. k(po — pj)
(2.9) j:rrlun]C {j +pj > 1,
and let 1 < a < oo. Then all solutions f of (1.1) satisfy op(f) < a if and only

if maxj—o,. r—1{p;j} <.
(i) All non-trivial solutions f of (1.1) satisfy oa(f) < maxj—o,..k—1{p] }, and

k —m.
T e ]

(iii) Suppose that (2.9) holds. If ¢ € {0,...,k —1} is the smallest index for which
Dg = MaX;j—0, .. k—1 {pj} then each solution base of (1.1) contains at least k — q
linearly independent solutions f such that oa(f) = py.

To conclude [4, Eq. (4.17)] in the proof of Theorem B, the inequality [4, Eq. (1.9)],
corresponding to (2.9), must be strict. By a simple modification of the proof of Theorem B,
the assumption (2.9) can be relaxed to

(2.10) j_dhax {p;} > 1,

which allows us to apply Theorem B(iii) also in the case that there are solutions f satisfying

om(f) < 1. To see that (2.10) is in fact a weaker assumption than (2.9), we refer to [12,
Example 10], which is further considered in Section 3.2. In this case

k _ .
in {M+pj}:_4 and
Jj=1,...,k i J

Note that by taking j = k in (2.9), we obtain pg > 1. Hence (2.9) implies (2.10).
Theorem 5 below corresponds to Theorem 1.

' 1.
_ma)/iil{pj} >

=0,...,

Theorem 5. Suppose that a; € H?;jﬂ)(kij where p; > —1 for j = 0,...,k =1,
and let g € {0,...,k — 1} be the smallest index for which p, = maxj—g . k—1{p;}. If
s €{0,...,q} then each solution base of (1.1) contains at least k — s linearly independent
solutions f such that

(2.11) ' min ’k{(’“_s)(ps_pj)

s +pj}§max{aM(f),1}.
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Note that (2.11) gives information on opr(f) only in the case when the minimum in
(2.11) is strictly greater than 1. The case s = 0 in Theorem 5 reduces to Theorem B(ii),
and the case s = ¢ reduces to Theorem B(iii) with the assumption (2.10), since now

, (k —a)(pq — ;)

(2.12) ,_Dnin {j_q +pj} =Pg = _max {p;},
where the minimum is attained for j = k. For a similar argumentation, see (2.2). Our
contribution is to extend (2.11) for s € {1,...,q — 1}. The proof of Theorem 5 is sketched
in Section 7, and the sharpness as well as the the special cases k = 2 and k = 3 are further
discussed in Section 3.2.

Let ¢ € {0,...,k—1} be the smallest index for which p; = max;j—o,. r—1{p;}. lfpy <1
then all solutions f in each solution base of (1.1) satisfy oa(f) < 1 by Theorem B(ii).
Suppose that p, > 1. In order to state the following corollaries of Theorem 5, we denote

i (k — s)(ps — pj) B
(2.13) Bu(s) :== j_srﬂnk{ s +pjp, s=0,...,q,
where pi := —1. Moreover, we define

s*:=min{s € {0,...,q} : Bum(s) > 1}.
Remark that 8ar(q) > 1, since (2.12) implies py = Bar(q).

Corollary 6. Suppose that a; € H‘(f)jﬂ)(kfj), where p; > —1 for j =0,...,k—1, and
let g €{0,...,k — 1} be the smallest index for which p; = max;—o, . x—1{p;} > 1. Then
each solution base of (1.1) admits at most s* < q solutions f satisfying onr(f) < Bar(s*).

In particular, there are at most s* < q solutions f satisfying op(f) < 1.
To estimate the quantity Z?Zl oum(f;) by using Theorem 5, we set
v () == max{Bn(0),....Bm(j)}, 7=0,...,q
Evidently vas(j) > 1 for j € {s*,...,q}, and yp(§) < 1 for j € {0,...,s* —1}.

Corollary 7. Suppose that a; € H‘(’;ﬁl)(k_j), where p; > —1 for j =0,...,k—1, and
let g € {0,...,k — 1} be the smallest index for which Pg = max;—o, . x—1{p;} > 1. Let

{f1,---, fx} be a solution base of (1.1). If ¢ =0 then Z?:l om(fj) = kpo, while if ¢ > 1
then

q—1 k
(2.14) (k —q)pq + Z Y (j) < ZUM(fj) < kpq.

Note that the sum in (2.14) is considered to be empty, if s* = q.

2.4. Gunderssen-Steinbart-Wang method for M-order. We proceed to state the
assertions of Theorem 5 and its corollaries by using a technique introduced in [6]. This
yields a natural way to define the possible intervals for M-orders of solutions of (1.1). As
a consequence, we get a useful estimate following from Corollary 7.

Set §; := (p; +1)(k—j) forall j =0,...,k—1. Let s; € {0,...,k — 1} be the smallest
index satisfying ps, = max;j—o,... k-1 {p;} > 1, which is equivalent to

ds, §j
= 2.
k—s1 j_é,r.l%1{k—j}>
If 51 cannot be found then all solutions f of (1.1) satisfy o/ (f) < 1 by Theorem B(ii).

Otherwise, for a given s,,, m € N, let s;,4+1 € {0,...,s, — 1} be the smallest index
satisfying

O — Os, 05 —
(2.15) —mElm o= max {2 > 2
Sm — Sm+1 J=0,...,8m—1 Sm — ]
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Eventually this process will stop, yielding a finite list of indices sy, ..., s, such that p <k
and s; > sp > -+ > 5, > 0. Further, set

6St - 58t71

St—1 — St

(2.16) Ba(t) :=

where sp := k and J§; := 0. By Example 1 below, it is possible that (1.1) possesses a
solution f of non-zero M-order such that op(f) # By (t) forallt =1,...,p.

The following lemma, which can be proved similarly than Lemma 4, allows us to view
the results in Section 2.3 in a new perspective.

Lemma 8. We have

(i) Bar(1) > Bp(2) > - > By (p) > 1;

(i) Bum(se) = Bu(t) for allt € {1,...,p};

(it1) yar(q) = Bm (1), vyam(j) = Bum(t) for all sy < j < s4—1 and t € {2,...,p}, and
m(J) <1 forall j < s,. In particular, s, = s*.

By relying on Lemma 8, Theorem 5 and Corollary 6, we proceed to state possible
intervals for M -orders of functions in solution bases of (1.1) in the case a; € H‘(D;ﬁl)(k_j),

where p; > —1 for j =0,...,k — 1. In fact, each solution base of (1.1) contains

(i) at least k — s1 solutions f satisfying opr(f) = Bas(1);
(ii) at least k — s; solutions f satisfying oar(f) € [Bar(t), Bas(1)] for t =2,...,p;
(iii) at most s, solutions f satisfying oar(f) € [0, Bar(sp)).

For results of the same type, we refer to [1, Theorem 1] and [2, Corollary 1]. To compare
(i) and (ii) to the estimates given in [2, Corollary 1], note that there is —1 in (2.16) instead
of —2 in [2, Eq. (1.3)]. Evidently, assertions (i) and (ii) improve the estimates given for
the M-orders of solutions in [2, Corollary 1]. Moreover, by means of (2.8) we see that
(i) and (ii) reduce to [2, Corollary 1], if we consider the growth of solutions of (1.1) with
respect to T-order.

For the following application, let {fi,..., fx} be a solution base of (1.1). Knowing the
possible intervals for M-orders, we get

k
(217) > om(fy) = (k= s1) Ba(1) + - + (sp-1 — 5) Bar(p) + 5 - 0= 65, + 5, — k.

j=1

Correspondingly to the case in Section 2.2, by means of Lemma 8 we see that the lower
estimates in (2.14) and (2.17) are equal.

Finally, we point out a practical estimate, which is a consequence of (2.17). If s, = 0
then 0, + 5, = dg — sp. If 5, > 0 then (o — ds,)/s, < 2 by (2.15), and d,, + 5, > dg — 5p.
Hence, in both cases we can state that

k
(2.18) ZU]V[(fj) Zéo—sp—k‘Zpok—sp.

j=1

We conclude that, if s; = 0 then the equalities hold in (2.18), since in this case s, = s; = 0.
Note that, if (2.9) holds then we can conclude that s, = 0.

3. SHARPNESS DISCUSSION

3.1. Sharpness of Theorem 1. We may assume that max;—g . x—1 {aj} > 0, for oth-
erwise all solutions are of zero T-order. If k = 2 then the statement of Theorem 1 is
contained in Theorem A, and all the assertions are sharp [12, Examples 3 and 6].

If £ = 3 then we have three different cases to consider.

(A1) If ag, a9 < ap then all nontrivial solutions f of (1.1) satisfy or(f) = ap. In this
case s =0 =gq.
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(A2) If ap < ay and oy < oy then in every solution base {f1, fa, f3} of (1.1) there are
at least two solutions fi and fy such that o7 (f;) = oy for both j = 1,2, and all
solutions f; satisfy

3 1
(3.1) or(f;) > min {3@0 — 2ay, F00 ~ 2042,040} , =123
In this case s=0or s=1=gq.
(A3) If ag, 1 < arg then in every solution base { f1, f2, fs} of (1.1) there is at least one
solution f; such that or(f1) = aa, two solutions f; and fs such that

or(f;) > min{20q — ap, a1}, j=1,2,

and all solutions f; satisfy (3.1). In this case s=0,s=1ors=2=gq.

It is clear that the assertion in (A1) is sharp, and so are the ones in (A2) by [12,
Example 10]. Moreover, [12, Example 9] shows that the assertions in (A3) are sharp for
s = 0 and s = 2. Example 2 below shows the sharpness of the assertions in (A3) for
s = 0,1,2. That is, in all cases there exists a solution for which the lower bound for the
T-order of growth is attained.

3.2. Sharpness of Theorem 5. We may assume that max;—qg, . x—1 {pj} > 1, for other-
wise all solutions f of (1.1) satisfy max {op(f), 1} = 1, and we cannot conclude anything
from (2.11). If & = 2 then the statement of Theorem 5 is contained in Theorem B,
and all the assertions are sharp by [12, Examples 3 and 6]. In the case of [12, Ex-
ample 3], for 8 > 1, linearly independent solutions f; and fy satisfy o (f1) = S and
oum(f2) = B+2. Moreover, a; € H?Zj+1)(2—j)’ where pg = f+1 and p; = f+2. Note that
max {po,p1} =p1 = f+2 > 1, and hence q = 1. An easy computation shows the sharpness
for s = 0 and for s = ¢ = 1. In the case of [12, Example 6], for § > 1, linearly independent

solutions f1 and fy satisfy oa(f1) = 8 and oum(f2) = 8. Moreover, a; € H‘(’;j+1)(2_j),

where pg = 8 and p; = —1/2. Note now that max {pg,p1} = po = 8 > 1, and hence
g = 0. This example shows the sharpness for s = ¢ = 0. For another example, see [4,
Example 2].

If k = 3 then we have three different cases to consider.

(B1) If p1,p2 < po then s = 0 = ¢, and all nontrivial solutions f of (1.1) satisfy
ou(f) = po by (2.12).

(B2) If py < p1 and py < py then in every solution base {f1, fo, f3} of (1.1) there are
at least two solutions f; and fo such that o (f;) = p1 for both j = 1,2, and all
solutions f; satisfy

. 3 1 .
(32) max {UM(f])a 1} Z min {3p0 - 2p1a §p0 - 2p27p0} ) J = 17 273

In this case s =0or s=1=gq.
(B3) If pg, p1 < po then in every solution base {f1, f2, f3} of (1.1) there is at least one
solution f7 such that opr(f1) = pa, two solutions f; and fy such that

maX{JM(fj)v ]-} Z mln{2P1 7p27p1}7 ] = 1723

and all solutions f; satisfy (3.2). In this case s=0,s=1ors=2=gq.

~—_ —

It is clear that the assertion in (B1) is sharp. By [12, Example 10], we see that the

assertion in (B2) corresponding to s = 1 is sharp. In this case, for 8 > 1, linearly
independent solutions fi, fo and f3 satisfy op(f1) = om(f2) = 8 and op(f3) = 0.
Now a; € H‘(’;’j+1)(3_j), where py = %ﬁ, p1 = B+ 2, and po = 0. Moreover, by [12,

Example 9], we see that the assertions in (B3) are sharp for s = 0 and s = 2. In this
case for 8 > 1, linearly independent solutions f1, fo and f3 satisfy o (f1) = om(f2) =8
and o (f3) = 28. Moreover, a; € H(();jﬂ)(:aij where pg = %5, p1 = B, and ps = 20.
Example 2 below shows the sharpness of the assertions in (B3) for s = 0,1,2. That is, in
all cases there exists a solution for which equality holds in (2.11).
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3.3. Examples. Example 1 below shows that a unit disc counterpart of the finite set
constructed by Gundersen-Steinbart-Wang does not contain growth orders of solutions of

(3.3) " +ai(z)f" +ao(2) f =0,
if coefficients belong either to weighted Bergman spaces or to weighted Hardy spaces.

Example 1. Let a, 8 € R be constants satisfying 1 < 8 < a < 28—1. Then the functions

7)== 2 exp ((1 L) (1i)5> ,

B

fo(z) =(1— z)a+'8 exp (l—i-z

are linearly independent analytic solutions of (3.3), where

wo(x) = — B Blat3f+z)  alath)
0 (14 2)2428 7 (1 —2)(142)2+8 (1 —2)2+«
ap Bla+B)
(=)t +2)18 - (1-2)2"
20 «a a+28—-1
1+2)48 (11— z)lta 1—z

(
belong to H(D), and v = 1(04 +8-2)/(a+38) € (0,1/2).

It is clear that a; € Ag?, where ap = f—1 and o = o — 1. We calculate that s; =1,
s =0, Br(1) = a—1and Br(2) =28 —a — 1. Hence 26 — a — 1, — 1] is the only
possible interval for T-orders of solutions of (3.3). Since o (f2) = 8 — 1, we conclude that
the T-order of a solution does not have to be one of the endpoints.

On the other hand, it is also clear that a; € H?;jJrl)(Q_j), where py = 8 and p; = a.
We calculate that s; = 1, s = 0, By(1) = o and By (2) = 26 — a. Hence 20 — «, ]
is the only possible interval for M-orders of solutions of (3.3). Since oa(f2) = B, we
conclude that the M-order of a solution does not have to be one of the endpoints.

a1(z) =

The following example demonstrates the sharpness of Theorems 1 and 5 in the case
that they do not reduce to known results.

Example 2. Let 8> 1, and denote g(z) = (5/(1 — 2))”. Then the functions
filz) =(1- z)ﬁ exp (g(z)ﬂ) , j=1,2,3,
are linearly independent solutions of f"' 4 ao(2)f” + a1(2)f + ao(z)f = 0, where

as(z) = M a1(z) = M ap(z) = m
(1-2)Q(g(2))’ (1-2)2Q(g(2))’ (1-2)3Q(9(2))’
are such that

Py () = 54B8¢% — 27B¢" — 24B¢° 4 (1083 + 54)¢° — (828 + 63)¢* + 35¢3
+ (228 4 39)¢% — (68 + 24)¢ + 6,
Py(¢) = —1086%¢10 4 7282¢° + (2782 — 54B)¢® + (278 — 13558%)¢7
+ (248 + 156%)¢° + (6457 — 1088 — 18)¢” + (21 + 828 — 515%)¢*
— (384 158%)¢3 + (316% — 228 — 13)¢% 4 (8 + 63 — 146%)¢ + 282 — 2,
Po(¢) = 108¢M — 234¢10 4 126¢° + 123¢8 — 276¢7 + 183¢° — 104¢° + 40¢*
—6¢% —4¢?,
Q(¢) = —18¢°% +21¢* — 13¢2 + 8¢ — 2.

The zeros of Q(¢) lie in the open disc of radius 1 + % centered at the origin by [13,

Lemma 1.3.2]. Since |g(2)| > [5/(1—2z)] > 3 > 3 for all z € D, we conclude that
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ag, a1, as € H(D). In fact, the coeflicients ag, a1, as satisfy

1\ 36+1 1\ %8+2 1\ 68+8
a2(2)w<l—z) ’ al(z)w(l—z) ’ aO(Z)N(l—z) ’

in a neighborhood of z = 1, while they are bounded in a neighborhood of any boundary
point in oD \ {1}.

Note that a; € A[;"?, where ag = 35 — 1, o = gB — 1 and a9 = 28 — 1. Evidently
or(f;j) = Bj — 1 for j = 1,2,3. We deduce that there is one solution f3 such that
or(f3) = as = 38 — 1, two solutions f> and f5 such that

or(f3) > or(f2) = min{20q — ag, 1} =25 — 1,

and three solutions f;, f2 and f3 such that

G‘T(fg) > O’T(fg) > O'T(fl) = min {3(10 — 20[1, gao — ;ag,ao} = 5 — 1.

That is, in all cases s = 0, 1, 2 there exists a solution for which the lower bound in (2.1) is
attained. Further, this example is in line with Corollary 2, since all solutions f;, fo and
f3 are of strictly positive T-order, and in this case s* = 0.

Now y7(0) = fr(0) = 8 — 1, y7(1) = Br(1) = 28 — 1 and y7(2) = Br(2) =36 — 1. It
follows that for the solution base {f1, f2, f3} equality holds in the first inequality in (2.4),
and for the solution base {f1 + f3, fa+ f3, f3} equality holds in the last inequality in (2.4).
This shows the sharpness of Corollary 3.

On the other hand, a; € H?;j+1)(3_j), where py = 303, p1 = % and py = 2. Evidently
om(f;) = Bj for j =1,2,3. We deduce that there is one solution f3 such that oar(f3) =
p2 = 36 > 1, two solutions fy and f3 such that

om(f3) > op(f2) = min{2p; —p2,p1} =28 > 1,
and three solutions f;, f2 and f3 such that
. 3 1
om(f3) > onm(f2) > on(f1) = min {3]90 — 2pa, 5Po — 2102,100} =B

That is, in all cases s = 0, 1,2 there exists a solution for which the lower bound in (2.11)
is attained. Further, this example is in line with Corollary 6, since all solutions fi, fo and
f3 are of M-order strictly greater than 1, and in this case s* = 0.

Now v/ (0) = Bm(0) = B, ym (1) = B (1) = 28 and ya(2) = Bm(2) = 3B. It follows
that for the solution base {f1, fa, f3} equality holds in (2.14), and for the solution base
{f1 + f3, f2 + f3, f3} upper bound for the sum of M-orders is attained. This shows the
sharpness of Corollary 7.

4. PROOF OF THEOREM 1
The following lemma on the order reduction procedure originates from C.

Lemma C ([6, Lemma 6.4]). Let fo1, fo2, --., fom be m > 2 linearly independent
meromorphic solutions of

v +ag-1(2)y* Y + o tage(z)y =0, k>m,

where ag,0(2), ..., a0k—-1(2) are meromorphic functions in D. For 1 <p <m —1, set
!/
pr': (fp_17j+1> ’ jzlaam_p
fpfl,l
Then fp1, fp,2s-- -+ fp.m—p are linearly independent meromorphic solutions of

Y P bap oy (2) g 4 ap0(2)y = 0,
where

k—p+1 (n—g=1)
n fooih U (2)
ap,j(z) = Z (j n 1) ap—l,n(z)m

n=j+1
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forj=0,....,k—p—1. Here app—n(z) =1 for alln=0,...,p

Lemma D ([10, Theorem E(b)]). Let k and j be integers satisfying k > j > 0, and let
e > 0. If f is meromorphic in D such that op(f) < oo, and fU) # 0, then

(k) ()| =7
. J;méi (1= [z)7 %< dim(2) < oo.

4.1. Case s=1. Let k>3, ¢ >2,s=1and Br(1) > 0, since otherwise there is nothing
to prove. In particular, if @; < 0 then (2.1) is trivial, since by taking j = k in (2.3), we
obtain (1) < a; < 0. Let {fo.1,f0,2,---, ok} be a solution base of (1.1), and assume
on the contrary to the assertion that there exist s + 1 = 2 linearly independent solutions
fo.1 and fo 2 such that max{or(fo1),07(fo2)} =@ ¢ < Br(1). Then the meromorphic
function g := (fo,1/fo.2)" satisfies o7 (g) < 0. Moreover, Lemma C implies that g satisfies

(4.1) g* Y rag g a(2) g% P 4t aio(2) g =0,
where
k (n—j—1)
n 0,1 (2)
4.2 a1.:(z) = ag i41(2) + ( )anz’
(12) ) a1 (1 Jon s
for j =0,1,...,k —2, and ag x(z) = 1. Therefore
(n—1)
01 (2)
< )
l901(2)] < lavo(2)] + Z < >|a0n foa(z) |’
where
(k—1) (k—2) ’
g (= 9" (2) 9'(2)
< | _ AN S0 BT
o)l < [ S fansca@l| S a2,

since g satisfies (4.1). Putting the last two inequalities together, we obtain

k-1 NG| & oY)
|a0)1(z)| 5 Z |a17j(z)\ ‘g(z) + Z |a0,n(z)| T(Z) .
=1 n=2 ’

Let € > 0. Raising both sides to the power 1/(k — 1) and integrating over the disc D(0, r)
of radius 7 € (0,1) with respect to (1 — |2]?)®1=¢ dm(z), we obtain

[ a0 ) dme)
D(0,r)

k—1 ) %1
2|9V (2) 205 (s
W) S5 s \ e e am(e)
(n—1) =
0,1 (Z) . 2\a1—¢€ m(z
+Z/ |a0” fO,l(Z) (1 | | ) d ( )

To deal with the second sum in (4.3), consider

n—1
R T | e

J 0,1 (Z)
BS/ Lelnma D,
lk‘ /
D

1
kE—1

1=z Cdm(z), n=2,...,k.

1
k—1 =1
O]

fo(2)

(1—|2*)* = dm(z) < o0
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for € > 0 small enough since o7 (fo,1) < o < Br(1) < az. Moreover, by Holder’s inequality,

with indices £=2 and £=1  we have

k—n

k—1

1 %
IOl
/D (')];; l(z) (1 o ‘Z|2)w1(n) dm(z)
foralln=2,...,k —1, where
_ _ 2% —n —
(4.4) ws(n) :== (k= ) — an) + oy, — Zkon-s
n—s n-—s

k—n

The first member in the product is finite since ag, € Aq,™ for alln =2,...,k—1 by the
assumption, and so is the second one for € > 0 small enough since

(k= 1)(n — om)

or(fo1) <o < Br(1) < ]

+a,, n=2,....k—1,

by the antithesis. Thus ZZ:Q I, is finite for € > 0 small enough.
To deal with the first sum in (4.3), denote

(4) -
gV (2) 2ya1— :
J-::/a-z = 1=z ¢dm(z), j=1,....,k—1.
i DI 1,(2)] ) (1—1z[%) (2)
Lemma D implies that
g(k_l)(z) E—1

(1—|2*)* = dm(z) < o0

Jp—1 = /
)

for € > 0 small enough since or(g) < o < fr(1l) < a;. Moreover, by (4.2) we have

9(2)

1
k—1

)
1| g¥iz o —
%Séawdﬁklgé) (1 [22)* = dm(2)
k (n—j—1) E—1 . i
1| Joa (2) g (2)|* T oo
+ /Ia ()T [T (1= [2[>)*1== dm(2)
nQQDO fo1(2) 9(2)
k—1
= Kj+Ljx+ Y Lin
n=j+2

for all j = 1,...,k — 2. Since max{or(g),0r(fo,1)} < o < Br(1), we deduce that K;

behaves like I, and hence 25;12 K; < oo for € > 0 small enough. Moreover, by Holder’s
k—1
—j—1

Lj,k < /D
(

inequality, with indices 1 and %, and Lemma D we have

P S
F—j—1

(k—j—1)
for B ey

5

f0,1(Z)

J
k—1

(1 —|z?)>—e dm(z)) < oo

g9 (2) i
9(z)
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for all j =1,. k 2 when € > 0 is sufficiently small. It remains to consider the double

sum Z Zn —j+2 L; . By Hélder’s inequality, with indices £ fn and , we have

Fon = (/D a0, ()77 (1 - IZIQ)“"“ dm(z)> -
</ 06 [T g
D

foa(z2) 9(2)
where wq(n) is defined in (4.4). The first term in the product is bounded for all € > 0 since
1

n—1
k—1

(1 — [z dm(Z)) ;

apn, €EAS" foralln=3,... k-1 by the assumption. One more application of Holder’s
inequality, with indices "J 1 7 and ”] , together with Lemma D and the antithesis shows
that also the second term in the product is bounded for € > 0 small enough, and thus
Z ZTL—J+2 jn < 00 for € > 0 small enough.

We have proved that the right-hand side of (4.3) is uniformly bounded for all » € (0, 1),

if € > 0 is small enough. However, ag € A&, " by the assumption, and hence the left-hand
side of (4.3) diverges as r — 1~. Contradiction follows.

42. Case s> 1. Let k>3, ¢>2, s> 1 and Br(s) > 0, since otherwise there is nothing

to prove. In particular, it follows that as > 0. Let {fo1, fo,2,---,fox} be a solution
base of (1.1), and assume on the contrary to the assertion that there exist s + 1 linearly
independent solutions fo 1, ..., fo,s+1 such that

o :=max{or(fo1),...,00(fo,s+1)} < Br(s).

< o for all j
1,...,s. This in turn implies that fo; = (f1,j+1/f1,1) satisty or(f2;) < o for all j =
1,...,s—1. Ingeneral, op(f, ;) <ocforallj=1,...,s—n+landn=1,...,s. Moreover,
as in the case s = 1, Lemma C implies

k
s < a3 (7 lana)

n=s+1

area(2)] + k; ("))t
+Zk;< )m MEO)

“foil(z)

Then the meromorphic functions fi; = (fo,j4+1/fo,1)" satisfy or(fi;) <

f0n1 i (2)
foalz)
(n—s+1) (Z) ‘

1,1

fi1(2)

IN

IN

FTm ()

S|as,0(2)|+§ kZm <Sfm>|awn<Z>|

m=0n=s+1—m fmal(z) ’
where
(k—s) k—s—1 (m)
fod ( f (2)
as.0(2z + a .
| 70( )| fs 1 Z | 9m S’1<Z)
Putting these inequalities together, we obtain
s k—m-—1 (n—s+m) s (k—s)
fm 1 (Z) fm 1 (Z)
aps(2)| S U (2)| | ————| + —_.
0,152 2 lemal)l| s foi ()
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Let € > 0. Raising both sides to the power 1/(k — s) and integrating over the disc D(0, r)
with respect to (1 — |z|?)®~¢ dm(z), we obtain

[ a1 = ey dm2)
D(0,r)

s k—m—1

DD /mm

m=0n=s+1—m

f(nferm) (Z) T—s

m,1

N (1= [z[")% " dm(2)

—s

(1= [2[*)* =" dm(2)

+Z/

(4.5) =Y > Ina+t Z T
m=0

m=0n=s+1—m

fml

Lemma D and the antithesis imply that > _J,, < oo for € > 0 small enough. Hence,

1
in order to obtain a contradiction with (4.5) and the assumption ag s € Aj, ", it suffices
to show that I, , <ocoforallm=0,...,sandn=s+1-—m,...,k—m —1whene >0
is sufficiently small.
By Holder’s inequality, with indices ’;:Z an

k—n

k—s
Ion < (/ |a07n(z)|ki7 (1- |z|2)an+6 dm(z))
D
0(?’;75)(2) n—s

/]D) foa(z)

for all n = s+ 1,...,k — 1, where wy(n) is defined in (4.4). The first member in the
1

I
o |n

>3

(1 = J2[%) ") dm(z)

product is finite since ag,, € AS," for all n = s+ 1,...,k — 1 by the assumption, and so
is the second one for £ > 0 small enough, since
(k B S)(Oés - an)

or(fo1) <o < pr(s) < . +an, n=s+1,....k—1,
n—

by the antithesis. In the general case Lemma C gives

f(n s+m)( ) %s
Im,n:/ﬂ)|am,n(2)| f71() (1= [2[%)% 7% dm(z)
<y JCE Ol
- ni=n+1 " nl fm_Ll(Z)
f(n s+m) ( ) T—s ,
_ 1—1[z]7)* "¢ dm(z
S| () dm()
k—m+1 k—m+2 (n227fl 1)(2) kfis
< Z Z /Iam oy (2)|F55 | T2l 2
ni=n+1ns=ni+1 fm—le(z)
_1
(A A e | .
fo1a(2) o | TR dmG)
and finally
k—m+1 k—m-+2 k

Imn S Z Z Z K(n,ny,...,0m),

ni=n+1ngs=ni+1 N =N —1+1
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where
1 1
(M =M —1—1) T—s (ne—ny—1) T—s
z 2 z
K(n,ni,...,nm) ;:/|a0’nm(2)|ﬁ 0,1 (2) | fmeart ()
D foa(z) fm-2,1(2)
1 1
—n—1 = —s+ ==
e @ e @) N
: (1= [2[)* 7 dm(z).
fm—l,l(z) fm,l(z)
If ny, = k then agp,, (2) =1, and general form of Holder’s inequality with indices
(4.6) Ny — S ’ Ny — S . Ny — S ’ Ny — S ’
N, — N—1 — 1 Nn—1 — Nm—o — 1 ni—n-—1 n—s+m
together with Lemma D shows that K(n,ni,...,n,;,) < oo for ¢ > 0 small enough.
If n,, < k then an appropriate application of Holder’s inequality with indices k’“__ns
and nlf;—ss separates the coefficient from the solutions. The first term is finite by the

assumption, and the second term can seen to be finite by another application of general
form of Holder’s inequality with indices (4.6). This gives the desired contradiction, since
the left-hand side of (4.5) diverges as » — 1~ and the right-hand side of (4.5) is uniformly
bounded for all r € (0,1).

5. PROOF OF COROLLARY 3

The upper bound in (2.4) follows directly from Theorem 1. To conclude the lower

bound in (2.4), assume that solutions fi,..., fx are given in increasing order with respect
to T-order of growth; that is, op(f1) < -+ < or(fx). By applying Theorem 1 with
s =0,...,q, we get the following sequence of successive statements. For all solutions

f in the solution base, we have Sr(0) < or(f); for k — 1 solutions f in the solution
base, we have 8r(1) < or(f); ending up with with the fact that k¥ — ¢ solutions f in
the solution base satisty ay = fr(q) = or(f). Hence we have vr(0) = 7(0) < or(f1),
~vr(1) = max {Br(0), Br(1)} < or(f2) continuing to

’YT(q - ]-) = max {BT(O)v o 75T(q - 1)} S UT(fq)'

Note that ay = yr(q). To see this, note that Sr(s) < a, for every s = 0,...,q, which
follows by taking j = k in (2.3), and hence

(5.1) aq = Pr(q) < vr(q) = max {Br(0),...,0r(¢)} < max{ag,...,aq} = ay.

The assertion follows by noting that, if j € {0,...,s* — 1} then vy (j) < 0, and we only
have the trivial estimate o (f;) > 0.

6. PROOF OF LEMMA 4
Let m € {1,...,p}. By (2.5), we obtain
d; — 0 0s, — 0

Sm—1 *j - Sm—1 — Sm

Sm—1 Sm Sm—1

(6.1)

for all 0 < j < s,,—1, and the inequality (6.1) is strict for all 0 < j < s,,. This estimate
will be repeatedly needed later on.

6.1. Proof of Lemma 4(i). Let 1 <t < p— 1. Note that By (t) > 0 by definition. Since
St41 < Sty

b5, — 0 6 -9
Br(t) — Br(t+1) = "= — 2=t
St—1 — St St — St+1
_ St—1 — St+1 (5st - 5st,1 _ 6st+1 - 6st1> -0
St — St+1 St—1 — St St—1 — St+1

by (6.1), which proves the assertion of Lemma 4(i).
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6.2. Proof of Lemma 4(ii). Since max;—o,_ . r—1 {a;} = as, >0, we get

. k — .7 651
Br(s1) j:s?—}-llr}.i.,k {j ~ 5 (a5, — ) + a81} Qs1 = 7 51 Br(1),
where the minimum is obtained with j = k. This proves the claim for ¢ = 1.
Assume that t € {2,...,p}. To prove the claim, we need the following observations. If

m € {1,...,t — 1} then by (6.1) we get

(62) 6Sf, - 5Sm71 - 6St - 6Sm _ Sm—1 — Sm (55771, - 537%71 - 6St - 687711) > 0.
Sm—1 — St Sm — St Sm — St Sm—1 — Sm Sm—1 — St
On the other hand, if m € {1,...,t} then
(6.3) 65',’” B 6] Z 657” - 6Svn71
J — Sm Sm—1 — Sm

for all s, < j < 8y—1. To verify (6.3), we consider the following two cases. If j = s,,_1
then the equality in (6.3) holds. If j < s,,,—1 then by using (6.1), we obtain

8oy =0;  Oap = Oapy 05— 0ap ) Sy —J
J=sm  J—Sm  Sm1-J J—sm
e N P S S S
] — Sm Sm—1 — Sm ] — Sm Sm—1 — Sm

which proves (6.3).
To complete the proof of
0s, — 0 0s, — 0
6.4 — i e I R I G e e ) t),
(6.4) Br(s2) _rgn{ o } — (1)
we argue as follows. First, we show that Sr(s;) > Br(t). If s; < j < s;—1 then (6.3) holds

form=1t. If j > s;_1 thenlet m € {1,...,¢t — 1} be the smallest index such that s,, < j.
From (6.1), (6.2) and (6.3), we obtain

55t_5j 755t_55m 7]_877’7, <5Sm_6j 53t_55m>

J— st Sm—58  J—S \J—Sm Sm — St
> j.— Sm <5sm — 0, . ds, — 53m1> >0,
J — St Sm—1 — Sm Sm—1 — St
which together with (6.2) shows that
53.,5 _51' > 5&5 _65771 S 65t _6&71.
J — St Sm — St St—1 — St

Second, we note that equality in (6.4) follows by taking j = s;_1.

6.3. Proof of Lemma 4(iii). Since o, = maxj—o,... x—1{;} > 0 and s; = ¢, we get by
means of (5.1) that

Br(l) = £ = 1= a, = (o).
Let t € {2,...,p}. We proceed to prove that yr(j) = Br(t) for all s; < j < sp_1.
Evidently, vr(j) = max {87(0),...,5r(j)} > Br(s:). By Lemma 4(ii), we conclude that
yr(j) > Br(t). To prove that yr(j) < Br(t), it is enough to show that Sr(m) < Br(t)
for all m € {0,...,5}. Since m + 1 < s;_1, we obtain by appealing to (6.1) that

. 5m - 5]' 6m - 53,:71 6St B 537:71
— - __J _ < — " == _1=B .
BT(m) j:rﬁllr,l...,k{ j—m 1} ls ! T(t)

T St-1—m St—1 — St
If s, > 0 then for all m € {0,...,s, — 1} we have
Om — 0; Om — 0s
Br(m)= min {U—l}g*’—lgo
j=m—+1,.. k J]—m Sp—m

by (2.5). Hence yp(j) = max {Sr(0),...,8r(j)} <0 for all j < s,. As a consequence we
see that s, = s*.
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7. PROOF OF THEOREM 5

Our proof of Theorem 5 is parallel to the proof of [4, Theorem 1.4], and hence we only
outline the argumentation. We may assume that k¥ > 3, ¢ > 2, s € {1,...,¢— 1} and
Bar(s) > 1 for otherwise there is nothing to prove by Theorem B, see the discussion after
Theorem 5. In particular, if p; < 1 then (2.11) is trivial, since by taking j = k in (2.13),
we obtain Sar(s) < ps < 1. On the contrary to the claim, assume that (1.1) admits s+ 1
linearly independent solutions fo 1,. .., fo,s+1 such that

UM(fO,t)<04::5M(3); t=1,...,s+ 1.
Remark that, if @ < 1 then there is nothing to prove in (2.11), so we may assume that
a > 1. Now max{3,1} < a, where 8 := maxi—1,__s+1 {om(for)} < o0.
Let €, € (0,1). Now [4, Lemma 4.3] for m = s+ 1 implies that there exists a solution
fs,l $—é 0 of
(71) f(k—s) + as,kfsfl(z)f(k_s_l) + -+ as,l(z)f/ + as70(z)f =0
of the from fy1 = gs.1/hs,1, where g1, hs1 € H(D) and

max {oar(gs,1),0nm(hs,1)} <max{8,1} < .
It is easy to see that a = B (s) yields (k—1)p; < (k—s)ps—(l—s)aforalll € {s+1,...,k}.

Hence, by [4, Lemma 4.3] and the assumption ag ; € H(p 1) (k—g)r WE get

, 3=1,...,k—s—1,

1 (ps+1)(k—s)—j(a+1)+e
1-— r)

M(r,as;) < (

for all » € [0,1) \ E, where the set E satisfies the upper density condition

(7.2) D(E) := limsup m(%[:’l))

r—1-

<< 1.

Here m(Q2) is the Lebesque measure of the set 2. We note that set £ may not be the
same at each occurrence, however, it always satisfies (7.2).

Let n € (4,1). If we apply [4, Lemma 4.4], and use [4, Lemma 4.1] for the coefficient
ag,s € H‘(”;erl)(k_s), we conclude that for € > 0 small enough, we have

1 (ps+1)(k—s)—e
1—r

(7.3) M(r,as0) 2 (

for all 7 € F \ E, where the set F C [0,1) satisfies D(F) > 7. In particular, we have
D(F\E)>n-4d>0.
On the other hand, by substituting f = f,1 in (7.1) and by applying [4, Corollary 4.2]
k—s—1 f(])(z)

to fs,1, it follows that
1 (Ps+1)(k—s)—2¢
+ a < ( >
Il e el S

for ”(
farz)
for all z € D, |z| ¢ E. By comparing (7.3) to (7.4), we get a contradictory inequality
(ps + D)k =) —e < (ps + D)(k — 5) — 2.

This shows that each solution base of (1.1) contains at least k — s solutions f satisfying

om(f) = Bu(s).

(74)  aso(z)] <
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